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Sections, Homotopy Rational Points and Reductions of Curves 


Johannes Schmidt* 


Abstract. We study unramified sections of the fundamental group sequence of geometrically 
connected smooth projective curves of genus ^ 2 over p-adic fields together with an integral 
model. We are particularly interested in the induced “specialized” sections of the special 
fibre and how they relate to homotopy rational points over the residue field. Under mild 
assumptions, such a specialized section induces a unique homotopy rational point of the 
special fibre that is compatible with the original section of the generic fibre in cohomological 
settings. We give two applications of such “specialized” homotopy rational points around 
the Tadic cycle class of a section. 
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Introduction 

Sections and homotopy rational points. The profinite homotopy type of the spectrum 
of a field K is weakly equivalent to the classification space BGk of the absolute Galois group 
of K. Thus, any ii-variety X comes equipped with a morphism Et(JT) —> Et(iC) ~ BGk of 
profinite homotopy types and each ih-rational point of X induces a splitting of this morphism. 
We call any such splitting BGk —* Et(A) in the homotopy category of simplicial profinite sets 
over BGk (cf. [Qui08]) a homotopy rational point. See Sect. 1 for a short summary of some 
basic facts on homotopy rational points. 

Say, X is a K(tt, l)-space, i.e., the homotopy type of X is weakly equivalent to the classifica¬ 
tion space Btti(X) of its fundamental group. This is the case e.g. for X/K any smooth curve 
except for rational projective curves (see [Sch96] Prop. 15). In this K(tt, l)-case, a homotopy 
rational point is equivalent (up to inner automorphisms) to a section of (the quotient map in) 
the exact sequence 

7Ti (X/K): 1- ^in{X® K K s ,x) - *~iri(X,x) - ^G K --1 . 


Specialized sections and homotopy rational points. Let us fix a p-adic field k with 
valuation ring o and residue field F. Further, let X/k be a geometrically connected smooth 
projective curve of genus ^ 2 together with a proper flat model X/o with reduced special fibre 
Y = (jt ® 0 F) re d/F. Let s be a section of the fundamental group sequence ni(X/k). We say 
that s specializes to a section s of 7Ti(y/F), if s and s are compatible via the specialization 
map of fundamental groups: 


Gk^+ir^X) 


can. 


sp 


Gf—^*1(30 
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(see [Stil2] Ch. 8). In fact, any section s specializes at least to a section S£ of the geometrically 
pro-f? completed sequence 7 Ti(Y/F) (this follows from [Stil2] Prop. 91 - see Lem. 3.5, below). 
Similarly, treating s as a homotopy rational point BG k —> X, we say that s specializes to a 
homotopy rational point s of Y /F, if s and s are compatible via the specialization morphism of 
homotopy types: 


BG k ^^ Et(X) 


can. 


sp 


BG W —^ Et(y) 


(see Def. 3.1, below). In case of bad reduction, it is no longer clear if the special fibre Y is still 
a K(n, 1), so the immediate question arising is, 


(|) If a section s of tti(X/ k) specializes to a section of a sufficiently nice (but not nec¬ 
essarily K(tt, 1)-) reduction Y/¥, does such a specialized section induce a specialized 
homotopy rational point ofY /F ? 

Say, the section s of the fundamental group sequence iTi(X/k) specializes to a section s of 
vri(y/F). Suppose all the points in the normalization it : Y — > Y lying above singular points of Y 
contained in rational components are F-rational. Studying the homotopy type of Y /F (see Thm. 
2.4, below), at least, a possible candidate for a specialized homotopy rational point of s giving 
back the specialized section s does exist (see Cor. 3.3). However, the compatibility of s and this 
candidate for a specialized homotopy rational point (in abuse of notation also denoted by) s via 
the specialization morphism of homotopy types is not clear. We will prove this compatibility at 
least in the sufficiently additive setting of cohomology cochains: Let A be a discrete torsion Gw- 
rnodule. The homotopy rational point s resp. the candidate s induces a spitting s* resp. s* of 
the canonical morphism MT(fc^t, A) —> MT(X^ t , A) resp. Rr(F^t, A) —> Mr(Y^ t ,A) in the derived 
category. It turns out that these splittings are compatible via the specialization morphism of 
cohomology cochains (for the exact statement, see Thm. 4.1, below): 


Theorem A. Let X/k be a geometrically connected smooth projective curve of genus ^ 2 
over a p-adic field k together with a regular, proper, fiat model 3L/o with reduced special fibre 
Y = (X ®o F) re d/F. Suppose all the points in the normalization n : Y —> Y lying above 
singular points on rational components of Y are F -rational. Let s be a section of -Ki(X/k) 
specializing to a section of iri(Y/¥) and let A be a constructible G^-module. Then there is a 
homotopy rational point s ofY/ F inducing the specialized section on fundamental groups and a 
commutative diagram of cohomology cochains in the derived category T> + { Ab): 


WT(Xt t ,A)^WT(k 6t ,A) 

sp* 

MT(y 6t , A) MT(F 6t , A). 


Applications. We will give two applications around the cycle class cl s of a section (see [Stil2] 
Sect. 6.1, [EW09] or Rem. 4.10, below). The first is an application of specialized sections in 
general 1 and the second an application of Thm. A itself. 

1 In fact, it was the original motivation for question (f). 
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Let us shortly describe the first application: Based around a pro-t? specialization result, we 
give an independent proof to the following algebraicity result of Esnault and Wittenberg: 

Proposition B. ([EW09] Cor. 3.4) Let X/k be a geometrically connected smooth projective 
curve of genus ^ 2 over a p-adic field k, admitting a section s of 7Ti (X/k). Then the £-adic 
cycle class cl s of s lies in the image of the Chern class map c.\ : Pic(A) (g> —» H 2 (A, Z^(l)) 

for each prime £ A p. 

Using Tate-Lichtenbaum duality, this prime-to-p algebraicity is equivalent to s* trivializing 
the first Chern class map c.\ in H 2 (G'/ C , Z^(l)) for £ A p. This is precisely the statement we will 
prove in Prop. 3.10, below. In fact, the pullback along s of certain Chern classes will turn out 
to be exactly the obstructions for the compatibility claimed in Thm. A. Thus, we have to avoid 
the usage of Thm. A in the proof of Prop. B resp. the equivalent Prop. 3.10 and modify X/k 
until it admits a K(ir, l)-model over o. 

Our second application is a direct consequence of (a geometrically pro-£ completed variant 
of) Thm. A: In [EW09] Rem. 3.7 (iii) Esnault and Wittenberg raised the question whether the 
Aadic cycle class cl s of a section s of tt\(X/ k) admits a canonical lift to H 2 (X, Z^ (1)). Using the 
(unconditional) geometrically pro-1? completed specialization si of s, we construct a canonical 
cycle class elf in H 2 (X, Z^(l)) for 3£/o a regular model satisfying the assumptions of Thm. A. 
A (geometrically pro-£ completed) variant of Thm. A shows that elf is indeed a lift of cl s (see 
Prop. 4.12, below): 

Proposition C. Let X/k be a geometrically connected smooth projective curve of genus ^ 2 
over a p-adic field k together with a regular, proper, fiat model 3L/0 satisfying the assumptions 
of Thm. A. Then for any £ A p and any section s of tti{X/ k), the induced £-adic cycle class cl s 
admits a canonical lift elf to H 2 (X,Z^(l)). 


Notation. In the following, k always denotes a p-adic field with valuation ring o and residue 
field F. If K is any field, we denote a fixed separable closure by K s and the corresponding 
absolute Galois group by Gk■ Denote the maximal unramified subextension of k s /k by k ni /k. 
For X a K- resp. fc-variety, denote its base-change to K s resp. k nv by X s resp. X nr . Denote 
by the category of (pointed) simplicial profinite sets together with the model structures of 
[Qui08]. For X a scheme together with a geometric point x, tti(X,x) denotes its profinite etale 
fundamental group. Mostly we will skip the base-point in our notation. Denote by Et(A) its 
profinite etale homotopy type in 5 (*). For a diagram y' <— y —> y" of simplicial (profinite) 
sets, we write y' vy y" for the homotopy pushout. For a simplicial profinite set y with torsion 
local system A, write C'(y, A) for its cohomology cochains (see [Qui08] Sect. 2.2). If y is the 
homotopy type Et(A) of a scheme X, then C*(Et(A), A) is quasi-isomorphic to MTpQt, A) (see 
[Qui08] Sect. 3.1). If y is the classification space BG of a profinite group G, then C*(BG, A) 
is quasi-isomorphic to MT(G, A). We will write just C*(X, A) resp. C*(G, A) in these cases. 
Similarly, we will just write C*(X0kk r , A) for the G-equivariant cochains G*(Et(X) x bg^G, A) 
for K'/K a Galois extension with group G and X/K a A"-variety. Finally, we will always use 
continuous etale cohomology in the sense of [Jan88]. 


Acknowledgements. I would like to thank Helene Esnault, Arrnin Holschbach, Gereon 
Quick, Alexander Schmidt and Jakob Stix for helpful comments, discussions and/or sugges¬ 
tions. 
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1 Preliminaries: Homotopy rational points 

Homotopical algebra. We will work in the following homotopy categories: 

1.1 Let S be the category of simplicial profinite sets together with the model structures of 
[Qui08]. For G a profinite group, let BG be its profinite classification space and S { BG 
the category of simplicial profinite sets over BG together with the induced model structure. 
A simplicial profinite G-set is a simplicial profinite set together with a degreewise continuous 
G-action. Let Sg be the resulting category together with the model structure of [QuilO]. By 
[QuilO] Cor. 2.11, H(S [ BG) is Quillen equivalent to H(Sg) via the base change functor 
X >—> X x bg EG, where BG is the profinite classification space of G and EG —> BG the 
universal covering. Under this equivalence, maps BG — > X in %(<S [ BG) correspond to 
homotopy fixed points of X xbg EG, i.e., maps pt ~ EG —> X x bg EG in TL(Sg)- 

1.2 Let X be a simplicial profinite G-set. The set of homotopy fixed points \_EG,X~\§ is the 
set of connected components of Quick’s homotopy fixed point space X hG = Sg(EG, X') (where 
X —* X' is a fibrant replacement in Sg), defined and studied in [QuilO]. In general, X hG is 
difficult to describe. At least, by [QuilO] Thm. 2.16, there is a Bousfield-Kan type descent 
spectral sequence (with differentials in the usual “cohomological” directions) 

El' q = me, n- q (X)) => ir_(j )+q ^(X hG ). ( 1 . 1 ) 

Applying Bousfield and Kan’s connectivity lemma [BK72] Ch. IX 5.1 to the spectral sequence 
in 1.2, one can prove: 

1.3 Lemma. Let G be a profinite group of cohomological dimension ^ n and f : X —> y an 
(n + 1)-equivalence in Sg (i.e., 7r 9 (/) is an isomorphism for all q ^ n and an epimorphism for 
q = n + 1). Then f induces an injection 

[EG,X] §g = n 0 (X hG ) - -vro (y hG ) =[EG,y] Sg . 

Proof. We may assume that y is fibrant and / is a hbration in Sg- Further, we may assume 
that X hG is non-empty. Say, s : ET —> X is a model of a homotopy fixed point and let r be 
/os. The fibre J- s := X xy EG comes equipped with a hbration into EG, hence is fibrant in 
Sg, too. Taking limits (i.e., forgetting the topology in [QuilO]) resp. simplicial mapping spaces 
Sr (EG, — ) of Sg gives us a homotopy fibre sequence 


resp. 


lim E s -s- lim X -^ lim y 


jrhG _^ x hG _^ yhG 


in SSets^ (pointed by the neutral element in G). By [Quil3] Lem. 2.9, the limit of / is an 
n-equivalence of simplicial sets. So, again by loc. cit., the first fibre sequence implies the n- 
connectedness of E s . Using the second homotopy fibre sequence, we get that the map of pointed 
sets (TTo(X hG ), s) —> ( 710 (y hG ),r) has kernel 7ro(.F^ G ). Bousfield and Kan’s connectivity lemma 
applied to the descent spectral sequence (1.1) for F s implies that this kernel is trivial, since F s 
is n-connected and G has cohomological dimension ^ n. Varying over all the homotopy fixed 
points of A, we get the result. □ 


1.4 Let p : n —» G be an epimorphism of profinite groups with kernel n < tv. By the adjunc¬ 
tion between the profinite groupoid II(—) and B(—), Btt/BG is fibrant in S j BG. Thus, 
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[BG, Bir\g^ BG is given as Hom B ^ BG (BG, Bn) modulo homotopy equivalences over BG with 
respect to the standard cylinder object BG® A 1 . Such homotopies between maps B(sq) and 
B(s i) for sections Si of p correspond precisely to conjugation of these sections via elements of 
7 i. In particular, B(-) resp. 7Ti(—, *) give canonical identifications between [BG, Bn]g, BG and 
the set of 7r-conjugacy classes of section of p. 

1.5 Let X/BG be a connected simplicial profinite set in S \, BG and assume n\{X) —> G is an 
epimorphism. Then any map BG —* X in TL{S [ BG) defines a n\[X x bg AGj-conjugacy class 
of splittings of the fundamental group sequence 

l->- m(X X bg eg) - m{X) -- G -l 

of X/BG. Conversely, if the underlying simplicial profinite set X of X/BG is a K{n, 1) (i.e., the 
canonical map X —> BB[X) into the classification space of the profinite fundamental groupoid 
is a weak equivalence), it follows from 1.4 that sections of the above fundamental group sequence 
of X/BG modulo conjugation correspond to maps BG —> X in TL(S J, BG). 

Combining 1.5 with Lem. 1.3, we get: 

1.6 Corollary. Let G be a profinite group of cohomological dimension 1 and X/BG a connected 
simplicial profinite set inS J, BG s.t. n\(X) —> G is an epimorphism. Assume that the canonical 
map X x-bg EG —> BB[X xbg EG) admits a section in 'H(Sg). Then we get a canonical 
identification between the set of n\{X x bg EG)-conjugacy classes of sections of n\{X) —> G and 
[BG,X\ S[BG * [EG, X xbg EG] Bg . 

Proof. Indeed, the canonical map X x bg EG —> BB[X x bg EG) is a 2-equivalence, so it 
induces an injection on the respective sets of homotopy fixed points by Lem. 1.3. Since it 
admits a section, the induced map on homotopy fixed points is even bijective and the claim 
follows from 1.5. □ 


Homotopy rational points. We are mainly interested in profinite homotopy types of vari¬ 
eties over a field K: 

1.7 Let Z be a A'-variety. The profinite etale homotopy type of the spectrum of K (pointed 
by the choice of a separable closure K s /K) is a K(n,l) with fundamental group Gk, i.e., it 
is weakly equivalent to the profinite classification space BGk in the pointed category S *. We 
define the profinite homotopy type Et(Z/K) —> BGk of Z/K as the resulting map in S [ BGk 
induced by the structural map of Z/K. Using [QuilO] Thm. 3.5 and Lem. 3.3, we see that 
the underlying homotopy type of Et(Z/A) xbg k EGk together with its abstract Gk -action 
corresponds to the homotopy type Et(A®^ A s ) together with the induced abstract Gj^-action. 
Similar arguments work for any Galois extension K'/K and Z ®k A 7 , too. 

1.8 Each A-rational point of Z defines a map BGk ~ > Et (Z/K) in l~i{S { BGk), i.e., a 
homotopy fixed point of Et(Z/AT) x bg k EGk■ Thus, for any simplicial profinite set X/BGk, 
we call any map BGk —^► X in 7i(S i BGk) a homotopy rational point of X over K. A 
homotopy rational point of Z/K simply is a homotopy rational point of Et {Z/K). 

1.9 Let Z/K be a geometrically connected A-variety. Then any homotopy rational point of 
Z/K gives a conjugacy class of splittings of the fundamental group sequence n\{Z/K). Con¬ 
versely, assume Z has the K(n, l)-property, i.e., its etale cohomology of constructible locally 
constant coefficients is given by the cohomology of its finite etale site. It follows that Et (Z/K) 
is a K{n, l)-space in the above sense. By 1.5, we get a canonical identification between the set 
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of tt\{Z K s )-conjugacy classes of the fundamental group sequence and homotopy 

rational resp. homotopy fixed points of Z/K (cf. [QuilO] Sect. 3.2). By [Sti02] Prop. A.4.1, this 
in particular is the case for Z any smooth curve over K except for Brauer-Severi curves. 

1.10 Lemma. Let Z be a non-empty irreducible K-variety. Then the canonical map 

Z(K) -- [BT K ,Tt(Z/K)] SiBVK 

is trivial in the following two situations: 

(i) If K has cohomological dimension ^ n and Et (Z/K) x bg k EGk is n-connected. 

(ii) If K has characteristic 0 and Z is A 1 -chain connected (i.e., for any two K-rational points 

z',z", there are finitely many K-morphisms U{ : —* Z, 1 i ^ n with u±(0) = z', 

u n ( 1) = z" and rq(l) = u i+ i(0)j. 

Proof. To prove (i), it is enough to show that 7To((Et {Z/K) ><Br K EYx) hrK ) is trivial. But 
this follows from Bousfield and Kan’s connectivity lemma applied to the descent spectral se¬ 
quence (1.1) for Et (Z/K) xbt k EYk- cd (K) ^ n and Et(Z/K) xbg k EGk is n-connected by 
assumption. Statement (ii) holds, since Aj- is contractible (to BY x) in characteristic 0. □ 

Geometric pro-£ completions. Let us shortly discuss pro-f-completion in B(Sq) for a 
strongly complete profinite group G. 

1.11 In [Quil2], Quick gave an explicit construction of a pro-finite completion in Sg■ An 
analogue construction gives a pro-f-completion in Sg, too (see loc. cit. Rem. 3.3). Let us 
shortly describe this construction: By loc. cit. 4.3, any profinite G-space X is isomorphic to a 
profinite G-space of the form {A)}j S / for X t a finite discrete G-space. Then the pro-Gcompletion 
is given as the profinite G-space 

X( := {WY^(Xi)} ie i, 

where W (—) is (levelwise) the classification space and Y^(X/) is degreewise the pro-1? completion 
of the free loop group Y(X/) of A). Arguing directly using the (levelwise) homotopy fibre 
sequence 

f t {Xi) -- WY e (Xi) -- WYe(Xi) , 

or comparing X/' with the fibrant replacement in Morel’s pro-1? model structure in [Mor96] 
(see Sect. 2.1 in loc. cit.), we get that tt\ (X f I) equals the pro-1? completion tt[(X), X[f has 
pro-1? prohnite homotopy groups and the canonical map X —> Xf' induces an isomorphism in 
L ,+ (Mod G ) on cohomology cochains C*(—, A) for any hnite f-torsion G-module A. 

For X/BG in S [ BG, denote by Xfo/BG the homotopy type in B(S l BG) corresponding to 

the pro-1 7 completion ( X x bg EG)/' in TL(Sg)- 

If G itself is not a pro-1? group, X^/BG corresponds to a “geometric” pro-1? completion in 

the relative homotopy category TL(S { BG). Let us discuss the case of Bn —> BG for suitable 
7 r —» G: 

1.12 Let p : n —» G be an epimorphism of profinite groups with kernel 7f < n. Assume It 
is an f-good profinite group, i.e., the pro-^ completion map 7f —* Up induces isomorphisms 
H9 (tt,A) ~ H«(tt*,A) for all hnite Gtorsion 7f£-modules A and all these cohomology groups are 
hnite. Let < c 7r be the kernel of the pro-1? completion of 7f. Note that it is a characteristic 
subgroup by the universal property of the completion. Then we define the geometric pro-1 7 
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completion of n —> G as n^ := n/Ag —> G. By construction, the geometric pro-I! completion 
7T —» n^ sits in the following commutative diagram with exact rows 

1 ->- 7T->• 7T - 5 - G -*■ 1 

1 -*- TT£ -^ 7T(£) - G -*■ 1. 

It follows that Bnm x bg EG —* (Bix bg EG)£ is a weak equivalence in Sq (this is a special 
case of the pro-£ analogue of [Quil2] Thm. 3.14). Further, the canonical Map n —» n^ induces 
an isomorphism (Bn x bg EG)£ —* Bn^ x bg EG. In particular, ( Bn = B(n^). 

For fundamental groups of geometrically connected AT-varieties we define: 

1.13 Let Z/K be a geometrically connected A-variety. Then we write nf(Z) resp. n'p(Z) for 
the pro-t! resp. geometric pro -t completion of the etale fundamental group n\(Z) in the sense 
of 1.12. Denote by n[ e \z /F) the geometrically pro -l completed fundamental group sequence 
sequence 

1-- n[(Z ® K K s )-- n?(Z) -- G K -- 1. 

Say Gk is strongly complete (e.g., K a finite or p-adic field). Then 7r^(Z) is the fundamental 
group of the geometric pro-1! completion Et (Z/K) fay 

2 The etale homotopy type of a curve 

The etale homotopy type of a curve We want to discuss the the etale homotopy type of 
a curve Z over a field K. 

2.1 Recall that for Z a reduced A"-variety, its semi- resp. weak-normalization 7r sn : Z sn —* Z 
resp. 7r wn : Z wn —* Z is universal among factorizations / : Z' —> Z of the normalization 
n . Z —* Z with / birational, bijective on points and inducing trivial resp. purely inseparable 
extensions on the residue fields of all points (cf. [Kol96] Sect. 1.7.2). In particular, for Z a curve 
over a perfect field, the semi- and weak-normalization coincide. Further, the curve Z itself is 
semi-normal (i.e., agrees with its semi-normalization), if and only if geometrically it has at most 
ordinary multiple points as singularities (use [Kol96] Sect. I 7.2.2.1). 

2.2 Let Z be a reduced curve over K and assume either Z to be semi-normal or K to be 
perfect. Denote by T(Z) the following bipartite graph: The two sets of nodes are the irreducible 
components resp. the singular points of Z sn and a node corresponding to a component Z{ is 
joined to a node corresponding to a singularity z by multiplicity-of-z-in-Zj-many edges. Let 
r .(Z) in S be the profinite completion of the canonical realization of F(Z) as a simplicial set. 
We will call both Y(Z) and T.(Z) the dual-(bipartite)graph of Z. Obviously, T.(Z) has 
the homotopy type of the profinite completion of a bouquet of S 1, s, i.e., is isomorphic to BF r 
for F r the free profinite group of r generators and r the number of loops in T(Z). If Z is 
even semi-stable, then T(Z) is just the barycentric subdivision of the regular dual-graph of the 
semi-stable curve Z. It follows from the universal property of weak-normalization (see [AB69] 
Thm. 4) that weak-normalization, hence the dual-graph T.(Z), is functorial with respect to 
non-constant finite morphisms. 

2.3 Suppose moreover all points in the normalization Z lying above a singular point z of Z 
are £:(z)-rational. Denote by E.(z) the star in T.(Z) of a node corresponding to the singular 
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point z and by Z* the etale homotopy type of the normalization Z glued to U z BG k{z) ®Z.(z) 
via the points above the singular points z of Z. Contracting all the stars E.(z), we get a 
canonical factorization of the homotopy type of the normalization ir over the canonical morphism 
Z* —> Et(Z/K), functorial with respect to non-constant finite morphisms. 

2.4 Theorem. Let Z be a reduced, connected curve over K and assume either Z to be semi¬ 
normal or K to be perfect. Denote by 7r* : Zi —> Z{ the normalizations of the irreducible 
components and let 1Z = TZ(Z) be the set of indices i s.t. Zi is a rational projective component. 

(i) Suppose all points in the normalization Z lying above a singular point z of Z are k(z)- 
rational. Then Z* —» Et (Z/K) is a weak equivalence in S { BGk (cf. 2.3). 

(ii) If K is separably closed, then 

Et {Z/K) =, (V Et (Zi/K)) v r .(Z) 

i 

holds (functorially in non-constant finite morphisms) in the homotopy category LL(S). 

(iii) Suppose K has characteristic 0 or cohomological dimension ^ 1 and all points in the 
normalization ir : Z —> Z lying above singular points of Z contained in rational projective 
components are K-rational. Then for each rational component Z ,■ there is a section Sj of 
tt\(Z/K) s.t. 

Et (Z/K) ^ (Btti(Z)) (]jEt (Zi/K)) 

ielZ 

holds in HiS J, BGk) for Xi an arbitrary K-rational point of Z r . 

2.5 Remark. If one works with pro-simplicial sets together with Isaksen’s model structure (see 
[IsaOl]), the proof below for Thm. 2.4 (i), for (ii) and for the characteristic 0 case of (iii) still goes 
through without profinite completion. For the remaining case of (iii) an analogue of Lem. 1.10 
(i) is needed, e.g. an adequate analogue of the Quillen equivalence K(S \ FT) ~ H(Sr) in 
[QuilO] 2.11 and for the descent spectral sequence of loc. cit. Thm. 2.16. 

2.6 Remark. Let / : Z’ —> Z be a finite non-constant morphism of curves as in Thm. 2.4 
(iii). Suppose that there is no non-rational projective component Z) of Z’ lying over a rational 
projective component Zi of Z. Then the proof of Thm. 2.4 will show that / is compatible with 

(Bti-i(/)) v u . s / iLJ . x / ( JJ f\- z ,) 

jelZ(Z') 

for compatible choices of the Xj and s*. If there is a non-rational component Z[- over a rational 
projective one Z % , then this is no longer true: E.g. H 2 (Zj) —* H 2 (Z)) is invisible for Biri(f). 

2.7 Remark. For S a Z-scheme and z a closed point of Z we just write resp. S' for the 
henselization S xz Spec {0 Zz ) resp. for the punctured scheme S xg Z\{z}. Before giving the 
proof of Thm. 2.4, let us first recall that the (punctured) etale tubular neighbourhood satisfies 

Tg =, Et {Z h z M) : 

We work with Cox’s model for the (punctured) tubular neighbourhood in Pro'Hl SSets .) (see 
[Cox78]). The non-punctured case is covered by loc. cit. Thm. 2.2. For the punctured case, use 

T Z,Z = Et(®.*) = lim { [/ )U) limgj et H<^ Et (5J. *), 
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where (U, u ) runs through the strict etale neighbourhoods of z and tjj° u is the opposite category 
of the homotopy category of the full subcategory tjj, u of degreewise Noetherian and separated 
simplicial objects 03. in Uet s.t. u*03. is a hypercover of k(u ) (= k(z)). We have to compare 
7To, 7Ti and cohomology of the respective homotopy types. Arguing degreewise and using the 
descriptions of these homotopy invariants in [Fri82] Ch. 5 (together with the spectral sequence 
in loc. cit. Prop. 2.4), we may restrict to simplicial schemes of the form 03. = cosk^OJ. in 
tu, u f° r m » 0. After a possible refinement of (17, it), such an object in tjj,u can be refined 
to a simplicial object 03. in the finite etale site U{et■ It follows that the canonical morphisms 
03 n —> (cosk^_ 1 03.) n are finite etale. Since u* 03. is a hypercover of k(u), these maps are surjective 
on connected components, i.e., surjective and 03. is a hypercover of U. In particular, 03.* —» U* 
is a hypercover and hence a weak equivalence. Summing up, we get 

H m ([/,u)li m aj.6tEto Et(03.*) ~ hm (f/)U) Et(f7*) ~ Et(z£’*) 
and hence the claim follows. 

Proof of Thm. 2.4. Weak-normalization is a universal homeomorphism by [AB69] Thm. 4, 
i.e., we may assume that Z is semi-normal in the perfect case, as well. Factor the normalization 
into finitely many steps 


Z = Z(") — > > . . . ,r( ° ) > ^(°) = Z, 

where in each step we resolve exactly one of the ordinary multiple points. Say in the (l + l) th 
step 7 r® : —» Z® the multiple point 2 ® and let 2 ®. .. ., 2 ® be the 77 distinct points of 

z( z+1 ) over 2 ®. We get the homotopy pushout 

Et(Z^/K) v z[l) ^ (SG fc(a(0) ®S.(2®)) 

in S l BGk by joining 2 ®, ..., 2 ® via the ends of the rays of the star BG k ^ z m\ (x) £.( 2 ®). By 
contracting BG k ^ z (i)^ ®£.( 2 ®) to 2 ®, 7 r® induces a canonical morphism 

vr® : Et(Z^ +1 )/A') v^.^p (BG k( , (0) ®S.(z®))--Et(Z®/A) . 


(i): It suffices to see that 7r® is a weak equivalence in S J, BGk■ Clearly, it is enough to deal 
only with the first step (l = 0). To ease the notation, we skip the upper subscripts and write 
just Z' for Z^ l \ z for 2 ^ and z\,... ,z r for 2 ®,..., Zr ^. By [Fri82] Prop. 15.6, the canonical 
morphism Et(Z*/A) vj* Tz,z —> Et(Z/A) is a weak equivalence (Z* is no longer connected, but 

the proof goes through without any changes), where the (punctured) tubular neighbourhood T z l 

is weakly equivalent to the etale homotopy type of the (punctured) henselization Z^’ * by Rem. 
2.7 (and similar for Z'). By prime avoidance, Z~’* is affine of dimension 0 and hence discrete, 
where the distinct points are given by the function fields of the components Zj containing 2 . 
Summing up, we have 

Z* = Z'’* = Z / \{2 0 ,... ,2 r }, 


Tz, z — BG k ( z ) ~ T z , zv 

- II T h, v 


Et (Z'/K) = (...(Et (Z’-'/K) w T ., n T Z ', n ) ...) v T j,. T*,,*.,, 
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where the last statement is again [Fri82] Prop. 15.6 applied multiple times. Here we used that all 
points Zi are fc(z)-rational by assumption. We get Et(Z'/K) ~ Et (Z' ,m /K) v(]j. t* , ) (Llj Tz', Zi )i 

1 , z i 

hence 

Et (Z'/K)v ZOy .. Zr (BG k{z] ®Z.(z)) 

- (Et (Z'’*/K) vgj T . ) (Qt Z / a )) vqj T ) (T z , z ® E.(z)) 

l 

=* Et (Z'/K) v r . z T z , z , 

i.e. 7r^ 0 ^ is a weak equivalence, just as claimed. If we put all the single steps 7together, we get 
a weak equivalence in 5 J, BGk between the etale homotopy types of Z and of its normalization 
Z with Zq \ ..., Zr} joined together as the ends of rays of £.(z/), i.e., between Et (Z/K) and Z*. 

(ii) : If K is separably closed, the assumptions of (ii) clearly are satisfied. Further, by Lem. 1.10 
(i), we can move all the Zj '’s on one component Z{ to a single K -point X{ of Z{. As a result, 

Et (Z/K) is weakly equivalent to the dual graph T.(Z) with all the Et (Zj/AT) glued via Xi to the 
corresponding node of Y.(Z). Since Y.(Z) is connected, we get the desired equivalence between 
Et (Z/K) and (V*Et(^/)) v Y.{Z). 

(iii) : First, note we may assume that Z itself is non-rational. Since Z is connected, each 
rational projective component Zj contains a rational point, i.e., is isomorphic to Pj-. 

Let Z r c —> Z be the closed subscheme given by the union of components Zj for i £ IZ and 
let Z" —> Z’ be the normalization at all singular points of Z contained in rational projective 
components. By assumption, all points of Z" over such singular points are JL-rational. The 
cohomology resp. group-cohonrology in degrees ^ 1 of one point unions resp. free products is 
the direct sum of the cohomology of the factors. As a bouquet of S^’s, r.(Z") is a 
Since the Zj are K(tt, 1) for every i $ TZ, too (see [Sti02] Prop. A.4.1), Z //,s is a K(n, 1). Hence 
the same is true for Z" itself. 

Arguing as in (i), we get that Et(Z/iL) is weakly equivalent to the etale homotopy type of 
Z" U IJjg-fc Zj glued together via the stars BGk 0 E.(z) corresponding to singular points z in 
Z contained in rational projective components (cf. the construction of Z* in 2.3). Denote the 
latter homotopy type by Z^, i.e., we have a weak equivalence Z ^ —» Et (Z/K). Let Z K ^ nl \ be 
the homotopy type we get from Z ^ by contracting the etale homotopy types of the rational 
projective components Zj to BGk for each i e TZ individually. It follows from the above 
discussion, that Z K { ni i) is a K(n, l)-space, weakly equivalent to Btti(Z). 

By Lem. 1.10 we can move all the z^p ! s on one rational projective component Zj to a single 

Appoint Xi in S J, BGk • It follows that Z ^ and Z K ^u bg k (LIis7e Et(Zj/AT)) are weakly 
equivalent via the Appoints Xj and gluing-morphisms BGk —> Zk(h,\ ) induced by the contracted 
components in Zk(k,i)- This translates to our claim, if we let Sj be the sections of tti(Z/K) 
corresponding to these gluing morphisms under the weak equivalence Z K ( n ,\) — Bni(Z). □ 

Let us formulate some immediate consequences of Thin. 2.4: 

2.8 Corollary. Let Z/K be a curve as in Thm. 2.4. 

(i) Z is a AT(7 t, 1) if and only if all the Zi’s are K(n,l), i.e., if none of the Zi’s is a Brauer-Severi 
curve. 

(ii) If K is separably closed, then 

7Ti(Z) ~ (*j^7Ti(Zj)) * F r . 

In particular, for any prime i, tt\ (Z) is i-good if and only if all the tt\ (Zj) ’s are I-good. 
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(iii) Suppose Z/K satisfies the assumption of Thm. 2.4 (Hi). Then for each constructible local 
system A on Z, we get an exact triangle of cohomology cochains 

C-(Z, A)-- C-imiZ), A) © © ie7t C-(Zi, A) 

® ie nC-(G K , A) 

(iv) Moreover, suppose K has cohomological dimension ^ 1. Then the higher cohomology 
groups (q = 2,3) are given hy 

H«(Z, A) = H«(7r 1 (Z),A)0®H«(Z < ,A). 

ieTZ 

2.9 Remark. Using [Sti06] Ex. 5.5, we get the statement corresponding to (iii) for the etale 
fundamental group of Z a semi-stable curve. 

Proof of Cor. 2.8. To prove (i) it suffices to see that Z <Z)k X s is a K(ir,l), i.e., we may 
assume that K is separably closed. The cohomology resp. group-cohonrology in degrees ^ 1 of 
one point unions resp. free products is the direct sum of the cohomology of the factors. As a 
bouquet of S'©, T.(Z) is a K(n, 1). Thus, (i) follows from Thm. 2.4 (ii). 

The first statement of (ii) is again a direct consequence of Thm. 2.4 (ii). For the second 
statement we argue as in (i) using that pro-l completion preserves free products. 

For Z K ^ i) ~ Btti(Z) as in the proof of Thm. 2.4 (iii), loc. cit. gives the homotopy cofibre 
sequence 

Mien BG K (TI ' ” ,IUlTI ' -> 1 Z K(7r> i) II (Uien Et (Zi/K)) - Z 

inducing the exact triangle of cohomology cochains, claimed in (iii). 

Finally, (iv) is a direct consequence of the long exact sequence of cohomology groups induced 
by the triangle in (iii). □ 

2.10 Corollary. Let Z/K he a curve as in Thm. 2.4 for K separably closed and t A char (A'). 
Then tt\ (Z) is l-good with torsion free abelianization 7iq’ ab (Z) of the i-completion. 

Proof. By Cor. 2.8 (ii), we may assume that Z is even smooth and projective. If char©) = 0, 
then tti(Z) is Agood as finitely generated fundamental group of a Riemann surface. For the 
same reason, 7r^’ ab (Z) is torsion free. For char©) > 0, tt \ (Z) is Agood by [Sti02] Prop. A.4.1. If 
Z/K is proper, there is a smooth lift o/W(K) of Z to the Witt-ring W(K) of K by [SGA71] Exp. 
Ill Cor. 7.4. Let Z' be a geometric generic fibre fj* j of 3- Then the ^-completed specialization 
map 7r i(Z') — * 7r i(Z) is an isomorphism, which settles the second claim. In case X is affine, it is 
a K(n, ©space of cohomological dimension ^ 1 with Agood fundamental group. In particular, 
7 rf(Z) has cohomological dimension ^ 1, i.e., is free (see e.g. [NSW08] Prop. 3.5.17). □ 

K(7 T, ©models of p-adic curves Let X be a geometrically connected smooth projective 
curve over the p-adic field k admitting a section s of ni(X/k). In particular, X is a K(ir, © 
space. We want to modify X and s until X admits a proper flat model rj : X X over o that is 
a K(x, ©space, too. By [SGA71] Exp. X Thm. 2.1 and proper base change, the etale homotopy 
type of X is weakly equivalent to the homotopy type of its reduced special fibre Y = (3f(x) 0 F) re d- 
Using Cor. 2.8 (i), X is a K(ir, 1) if and only if Y has no rational components. 
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Recall that a neighbourhood (X', s') of the section s is a finite etale covering / together with a 
compatible section s': 


Et (X'/k) 


BG k 



f 


Et (X/k). 


2.11 Lemma. Let X be a geometrically connected smooth projective curve over k admitting 
a section s of tt\ (X/k). Then there is a finite extension k'/k and a neighbourhood (X',s') 
of the restricted section s <S>k k! of X ®£ k' s.t. X' admits a (stable) K(ir, 1 )-model over the 
normalization o' of 0 in k'/k. 


Proof. By the Stable Reduction Theorem of Deligne and Mumford ([DM69] Cor. 2.7) we may 
assume that X has split stable reduction. Using [Moc96] Lem. 2.9 (see also [PS14] Lem. 5.3), 
there is a finite etale covering X" —* X, s.t. the reduced special fibre of the stable model X"/o" 
of X" does not admit any rational components. Here, o"/o is the normalization inside the field 
of constants k" of X", i.e., X" is geometrically connected over k". Then s(Gk) ^tti(X") ^ s(Gk) 
is open and closed, i.e. of the form s(Gy) for a suitable finite extension k'/k. The restriction of 
s to Gy factors through tt\(X"). Composed with the canonical map to Gy, we get that k' is 
an extension of k". By construction, X' := X" k! is geometrically connected over k' and s 
restricts to a section of 7Ti (X'/k r ), compatible with the restricted section of tt\(X k'/k'). By 
the Hurwitz formula, the special fibre of X" ® 0 « o' does not contain any rational components, 
i.e., X" ® D « o' is a K(i r, l)-model. Finally, as a base change of a stable model, it is still stable. 

□ 


3 Specialized sections and homotopy rational points 

Specialized homotopy rational points. Fix a geometrically connected smooth projective 
curve X over k of genus ^ 2 and a proper flat model rj : X X over o with reduced special fibre 
Y = (£® 0 F) re d. Say, TTi(X/k) admits a section s (i.e., a homotopy rational point s : BGk —*■ X), 
unramified with respect to rj, i.e., with trivial ramification map 

rarri s : ——- ^i(X) —m (Y) . 

This is equivalent to s specializing to a section s of (Y /F), compatible via the specialization 

maps. 

Combining proper base change with [SGA71] Exp. X Thm. 2.1, we get a specialization map 
sp : Et (X/k) —> Et(E/F) of etale homotopy types in LL(S \ BGk). Unfortunately, as soon 
as Y admits rational components, it is no longer a K(n, l)-space. So sections of 7 Ti(E/F) 
(compatible with section of iri(X/k)) do no longer a priori correspond to homotopy rational 
points BGk —* Et(Y"/F) over F (compatible with homotopy rational points of X over k via sp). 
E.g., it is no longer clear if s induces a map on cohomology (compatible with s). Thus, we 
define: 

3.1 Definition. Let X/k be a geometrically connected smooth projective curve over a p-adic 
field k of genus ^ 2 and X/o a normal, proper, flat model with reduced special fibre Y = 
(X ®o F) re d/F. We say that a homotopy rational point r : BGk -Et (X/k) over k specializes 
to a homotopy rational point f : BGk —* Et(T/F) over F, if r and f are compatible via the 
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specialization morphism of homotopy types, i.e., if 


BG k ^^Et(X/k) 


can. 


sp 


BGw —Et(y/F) 


(3.1) 


commutes in 'H(S [ B G F). We say that r specializes in cohomological settings to f, if 
(3.1) induces a commutative square of cohomology cochains C*(—, A) in the derived category 
V( Ah ) for A any continuous finite T^lG^-module. 2 

3.2 Remark. If a homotopy rational point of X/k, i.e., a section, specializes to a homotopy 
rational point of Y /F, the induced section of it\{Y /F) is the unique specialization of the original 
section. In particular, the original section is unramified. 

The converse is true if Y is a K(n, l)-space. By Lem. 2.11, after a base extension k'/k an 
(unramified) section s has a neighbourhood (X' ,s') admitting a K(n, l)-model. However, it is 
not known if s' or even the base extension s (g)k k' is still unramified. 


A candidate for a specialized homotopy rational point. Suppose all points of the nor¬ 
malization Y over singular points of Y contained in rational components are F-rational. This 
is always true after an unramified base extension k'/k. Note that the section s(g) k k 1 of X ® k k' 
induced by an unramified section s is still unramified. If Y admits rational components, it is no 
longer a K(i r, 1). Thus, a priori the homotopy rational points of Et(Y/F) might no longer cor¬ 
respond to sections of iri(Y /F) modulo conjugation. However, such a canonical correspondence 
still holds for Y /F or more generally for any curve Z/K as in Thm. 2.4 (iii) and K of cohomo¬ 
logical dimension 1. Indeed, this is just Cor. 1.6, where a section of Et(Z/K) —> Btti(Z) is 
provided by Thm. 2.4 (iii): 

3.3 Corollary. Let Z/K be a curve as in Thm. 2.4 (iii) for K of cohomological dimension 
^ 1. Then there is a canonical one-to-one correspondence between sections of -K\(Z/K) modulo 
conjugation and homotopy rational points \BGK,Et(Z/K )\ b ^ BGk of Z. 

3.4 Remark. Thus, for a specialized section s there is at least a unique candidate for a spe¬ 
cialized homotopy rational point. In abuse of notation, we will denote it by s. as well. Although 
the compatibility with the specialization maps of homotopy types is unclear for non-AT(7r, 1)- 
rnodels, we will show that, as a homotopy rational point, s specializes to s in cohomological 
settings in Thm. 4.1, below. 


Geometric pro-£ completion and specialization. At least, sections always specializes to 
sections of the geometric pro-f completed fundamental group sequence (Y /F): 

3.5 Lemma. Any (not necessarily unramified) section s of -K\(X/k) specializes to a unique 
section of i^p{Y/¥), i.e., we have a commutative diagram 


G k 


■MX) 


sp 


G F ^vrf ) (y). 


2 Of course, more generally Def. 3.1 makes sense for X a proper fc-variety. 
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Proof. This is a direct consequence of [Stil2] Prop. 91: The ramification map ram s induces 
the geometrically pro -l completed ramification map ram« : Ik- —> n\ (Y). By construction, 
ram^ factors over 7r \{Y ®fF s ), i.e., ramf^ is trivial by loc. cit. 3 . □ 

3.6 Suppose all points in Y lying over singular points of Y contained in rational components 
are F-rational. Let Et(T/F) —> y^ be the geometric pro-f completion Et(T/F)^. By Cor. 

2.10, 7ri(y ®f F s ) is Fgood, so Birp(Y) ~ (Biri(Y))fa holds by 1.12. In particular, Thm. 2.4 
(iii) gives a section of —* Btt^\y). The proof of Cor. 3.3 goes through for y^\ i.e., there 
is a canonical one-to-one correspondence between sections of 7/F) modulo conjugation and 
homotopy rational points [BGj, 

From Lem. 3.5 we get: 

3.7 Corollary. For any (not necessarily unramified) section s of TT\(X/k) there a unique ho¬ 
motopy rational point : BG$ —* of y^ in TL(S { BG f) inducing the specialized section 

sz of tt[ £ \y/¥) in Lem. 3.5. 

Comparing the respective Hochschild-Serre spectral sequences, we get that tt\ (Y) —> 7r^(y) 
induces an isomorphism on cohomology with continuous finite Z^[GF]-module coefficients. Luck¬ 
ily, the same is true for Et(y/F) — * y 

3.8 Lemma. Let A a continuous finite Z^[Gf] -module. Then Et(y/F) —■> y^ induces an 
isomorphism 

H*(^),A)—^H*(y,A) . 

Proof. Et(y/F) x BG ¥ EGp —> (Et(y/F) x bg v EGv)z induces an isomorphism on cohomology 
cochains C*(—,A) in P+ fMod^ ) (see 1.11). Thus, it induces an isomorphism between the 
respective Hochschild-Serre spectral sequences. □ 

3.9 Remark. As an alternative to the construction of y^\ we might also work with the 
following explicit “quasi proT completion” y^j: By Thm. 2.4 (iii), Et(y/F) is weakly equivalent 
to Btti(Y) vjj Sj) jj yi (\Aisiz Et(y/F)) in S \ BGf for s,; suitable sections of tt\(Y[¥) and yi 
arbitrary F-rational points in the rational components Y,;. Let be the section of Tip (Y /F) 
induced by s t . Then, we get a canonical morphism in TL(S { BGw) 

Ei(Y/F)- -B4\Y) (U isK Yi) -:J®. 

Cor. 3.7 and Lem. 3.8 go through for 3^, too. 

Application: cl s and specialized sections. We want to give a new proof for Prop. B, i.e., 
[EW09] Cor. 3.4, based on the work done so far. 4 Since the cup product cl s u a equals s*a for 
all classes a in H 2 (X, Z^(l)) (see [Stil2] Sect. 6.1), Tate-Lichtenbaum duality shows that cl s in 
H 2 (A, Z^(l)) lies in the image of the Fadic Chern class map c\ : Pic(A) (x)Z£ —> H 2 (JA, Z^(l)), 
if and only if the composition with s* is the trivial map Pic(A") (x) Z^ —> H 2 (Gfc, Z^(l)). Thus, 
Prop. B is equivalent to: 

3 Note that [Stil2] Prop. 91 essentially follows from the Weil conjectures. 

4 As Esnault and Wittenberg’s original proof, our proof will make essential use of Deligne’s theory of weights, 
too (via Lem. 3.5). 
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3.10 Proposition, (cf. [EW09] Cor. 3.4) Let X be a geometrically connected smooth projective 
curve of genus ^ 2 over ap-adic field k, admitting a section s of ni(X/k). Then for [£] e Pic(X) 
and l f p, s*ci[£] = 0 in H 2 (Gfc,2^(1)). 

Proof. Using Lem. 3.5, we get the commutative diagram on cohomology 


PicpO^H 2 (X,Z,(l)) 

if T)* 

Pic(X) —H 2 (X, Z*(l)) 

ct * 

E 2 (Y,Z £ (1)) 


— R 2 (-K 1 (X),Z £ (l))—^-^H 2 (G k ,Z £ (l)) 



■H 2 (7n(y),z,(i)) 

H 2 (7r^(y),Z/(l)) H 2 (G F , Z,(l)). 


(3.2) 


Since F has cohomological dimension 1, H 2 (Gf,Z^( 1)) is trivial. Thus, Prop. 3.10 would follow 
if all horizontal leftward maps were isomorphisms (i.e., if Y is a K(ir, l)-space) and if [£] lied 
in the image of rf. To guarantee this, note that we may replace [£] by a multiple [£® n ] and 
enlarge the base field k by any finite extension k'/k: Indeed, H 2 (Gfc, Z^(l)) = Z £ is torsion free, 
so a non-zero class s*ci[£] would stay non-trivial after multiplication by n resp. base extension 
to k'. It is clear that we might replace the pair (X,s) by a neighbourhood (X',s'). Thus, by 
Lem. 2.11, we might indeed assume that Y is a K(tt, l)-space and X the stable model of X. As 
such, X has at most rational singularities (this follows from [Lip69] Thm. 27.1, use that we get 
X by contracting rational curves in the minimal regular model with self intersection —2). These 
are Q-factorial by loc. cit. §17, i.e., for suitable n » 0, the n-th multiple of the closure in X of 
the Weil-divisor corresponding to [£] is a Cartier-divisor and thus a pre-image for [£® n ] under 
V*- □ 

3.11 Remark. Let X be a regular (not necessarily K(ir, 1)-) model, s.t. Y satisfies the assump¬ 
tions of Thm. 2.4 (iii). It will turn out later that the homotopy rational point s “specializes in 
cohomological settings” to the homotopy rational point s £ of y^ given by Cor. 3.7 (see Cor. 
4.9, below). Thus, Prop. 3.10 would follow directly from Lem. 3.8 and a diagram chase in (3.2). 
Unfortunately, we don’t know how to prove Cor. 4.9 without using Prop. 3.10 itself. 

3.12 Remark. Let / : X —> be a non-constant fc-morphism, L = f*0( 1) and r = 

/os resp. Too the induced homotopy rational point of /k resp. P- here we embed 
Pf into Ff via the first N + 1 coordinate functions. The homotopy type of Pjjf represents 
H 2 (—,Z( p, )(l)) in TL(S { BGf) and the composition of with the specialization morphism 
of homotopy types Et(P®/£;) —> Et(P®/F) corresponds to the class s*ci[£] in H 2 (G/, Z^)(1)). 
Since H 2 (G F , Z^ p )(1)) is trivial, Prop. 3.10 implies that the homotopy rational point r® spe¬ 
cializes to the unique homotopy rational point of Pp 5 . The condition that s*ci[£] (or more 
generally r*ci[A4] for r a homotopy rational point of a Brauer-Severi variety over k and Xi a 
non-trivial line bundle) is trivial even in H 2 (Ga,,Z( 1)) implies that r is homotopic to a rational 
point of Pf (see [Schl5] Thm. 4.3). 

3.13 Remark. Suppose s trivializes c\ even in H 2 (G/,Z(1)). By Tate-Lichtenbaum duality, 
this is equivalent to the algebraicity of the cycle class cl s . In particular, X admits an algebraic 
cycle of degree 1 in this case. In this sense, such a section s satisfies a linearized form of the p-adic 
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weak section conjecture (which clearly is predicted by the p-adic weak section conjecture). By 
Roquette-Lichtenbaum, this is equivalent to the triviality of the relative Brauer group Br (X/k). 
For a general section s, Prop. B implies that Br (X/k) is a p-group, which was first proved by 
Stix (see [StilO] Thm. 15) using different methods and including even the genus 1 case. 


4 Specialized sections and cohomology 

Specialized homotopy rational points in cohomological settings. Fix a geometrically 
connected smooth projective curve X over k of genus ^ 2 admitting a section s unramified 
with respect to the regular proper flat model r) : X X over o with reduced special fibre 
Y = (X0 o F) re d. Again, we assume that all points of Y lying over singular points of Y contained 
in rational components are IF-rational. Then s specializes in cohomological settings (the proof 
will show more generally: in “sufficiently additive settings”) to the homotopy rational point s 
of Y/¥ given by Cor. 3.3: 

4.1 Theorem. Let X/k be a geometrically connected smooth projective curve over a p-adic 
field k of genus ^ 2 and 3L/o a regular, proper, flat model s.t. the reduced special fibre Y = 
(X 0 O F) re d/F satisfies the assumptions of Thm. 2.4 (in). For an unramified section s, its 
specialized section s and a constructible Gp-module A, (3.1) induces a commutative diagram of 
cohomology cochains in the derived category T> + ( Ab ) resp. D + ( Mod q r '): 

C*(X, A) — C*(G k , A) C\X x BGv EG ¥ ,A)^U-C*(BG k x BGf EG f , A) 

resp. 


sp** 


sp^ 


C*(Y, A) — C*(G F , A) 


C*(Y x BGv EG F ,A) 


C'(EG f ,A). 


To prove Thm. 4.1 we try to work out what the obstruction for the commutativity could be: 

4.2 By Thm. 2.4 (hi), Et(T/F) =, (Bn^Y)) v u . Sl)Uil/1 (U ien Et(l-/F)) holds in H(S ( G F ) for 
any F-points y,; of Y = Fp- Contracting the K(tt, l)-part Btti(Y) in S [ Gp gives a homotopy 
co-cartesian square 


BmiY) 


BG W 


(Btti(Y)) v UiSjiUiW (U ie7e Et(y/F))^ Y§K(Et(Yi/¥), yi ) 


in S l BG ¥ , i.e., an exact triangle in L )+ (Ab) 


C-0/^(Et(Yi/F), yi ),A) 


p*®* 


■ c* (y, A) 0 C* (G F , A) 


(4.1) 


+1 


G-(7n(T),A). 

The section s together with sp and the “projection” p induces a morphism 
BG k == ^Et (X/k) - cosk3 Y§ Gw mYi/F), Vi ) 


(4.2) 


in H(S { BG f ). Assume that it factors as the canonical morphism to BG F followed by the 
distinguished point * : BG ¥ —> cosk 3 \/ 2 ^Q ¥ (Et(Yi/¥, y/). Truncation in degrees > 3 gives the 
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commutative diagram 


CWn^mYi/F^yi), A)- -C-(G k , A) 

C*(G F ,A) 

on cochains: Indeed, k and F have cohomological dimension ^ 2 and G*(\/)|^., (Et(Yj/F), y t ), A) 

is the truncation r^ 3 C*(cosk 3 \/^ F (Et(yj/F), y*), A), since the rational components geometri¬ 
cally have cohomological dimension 2. It follows that 

C m (V. A) © (7* (G f , A) ! °' s) *~ Can > C* (G k , A) 

extents to a morphism of the exact triangle (4.1) to the trivial triangle 




0 -C*(Gfc, A) —C*(Gfc, A) —0[1] . 

In particular, C*(Y, A) —>■ C*(Gk, A) factors through i*. Since l* is a retraction of the canonical 
morphism C*(tti(Y), A) —» C*(Y, A), the resulting morphism C*(7Ti(F),A) —> C*(Gk, A) is just 
the morphism given by the original section s and sp on fundamental groups. Combining this 
with the compatibility of s with the specialized section s, we get the commutative diagram 


C'(X, A) 

sp* 

C'(Y, A)- 


- -C-(BG k , A) 

(spos)* 

■C*(7ri(y),A)-^C(BG F ,A), 


where the “outer” commutative square is the square induced by (3.1). Of course, the same 
arguments work in the G F -equivariant setting, as well. 

Let us sum up 4.2: To prove Thm. 4.1, it is enough to show that the composed morphism 
(4.2) factors in 77(5 { BGr) as the canonical morphism to BGp followed by the “distinguished 
point” * : BGw —> cosk 3 Vbg f C^(1VF), Vi)- This problem can be translated into the vanishing 
of a certain cohomology class: 

4.3 Under the Quillen-equivalence of %{S { BGp) and ?7 (<Sg f ), cosk 3 \Z^g F (Et(Y)/F), j/j) cor¬ 
responds to a K(Q) ien (1), 2): Y t is isomorphic to Pp, hence geometrically simply connected 
and Pp ® F F s has cohomological-p-dimension ^ 1 (in fact = 0) as projective curve over a sep¬ 
arably closed field of characteristic p. Denote by a* the i th -summand in H 2 (W Z(l)( p )) of the 
class corresponding to a in the composition (4.2). Since G F has cohomological dimension 1, our 
factorization problem translates to the question whether is trivial in H 2 (Gfc, Z(l)^ p )). As 
prime-to-p Tate module of the Brauer group, H 2 (Gfc, Z(l)( p )) is canonically isomorphic to Z( p ) 
and it remains to show that s*a j vanishes in H 2 (Gfc, <0^(1)) for alii e 1Z and l p. 

We want to have a better understanding where the classes ct* come from: 

4.4 As a morphism in T~L{S { BG&), on in H 2 (X, Z(l)( p/ )) is given as the 3-coskeleton of the 
composition 


Et(X/fc)^^y/F)^VS(Et(VF),^^r^m/ F ) > (4-3) 
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where the last morphism is given by contracting all Et(Y)/F) for j ¥= i to BG F . Let Pi be 
the class in H 2 (lj Z( p '\l)) (resp. in H 2 (Y, Q^(l))) given by the morphism Et(Y/F) —> Et(Yj/F) 
in between composed with Et(Yj/F) —> cosk 3 Et(Yj/F), i.e., a* = sp * Pi. Since cosk 3 Et(Yj/F) 
represents H 2 (—, )(1)) and cosk 3 does not change H 2 , Pi in H 2 (Yj Q^(l)) is given as the 

image of 1 in H 2 (Yj, (Q>£(1)) = (Q)^ under the morphism Et(Y/F) —> Et(lj/F) in the composition 
(4.3). 

4.5 Remark. Note that the vanishing of s*ctj in fact is necessary: In order for Thm. 4.1 to 
hold, it is necessary for the class s*a.i to vanish in H 2 (Gfc,Q^(l)): By the usual arguments, 
H 2 (Gfc, Z^(l)) and H 2 (X,Z<>(1)) are given as the limits over the corresponding cohomology 
groups with coefficients fign. Since ctj = sp*/3j hold by 4.4 and F has cohomological dimension 
1, the triviality of s*ai would follow from Thm. 4.1. 

We want to give a slightly different characterization of the class Pi than the one in 4.4: 

4.6 As in the proof of Thm. 2.4 (iii), let Y' Y be the union of components Yj for j $ TZ, Y" —* 
Y' the normalization at all singular points of Y contained in rational components and y^ the 
homotopy type we get from joining Et(Y /, /F) to the homotopy types of the remaining rational 
components Yj via the stars of the corresponding singularities. Recall that the projection 
Et(Y/F) —> Et(Yj/F) is given by Et(Y/F) ~ y^, then moving all points in Yj over singular 
points on Y to one F-rational point yj for each j e 1Z , then contracting the K(ir, l)-part 
Rvri(Y) and finally contracting the other rational components Et(Y)/F) for j ^ i. 

We could as well contract the rational components Yj for j ¥= i and Y" in y ^ first, then moving 
all points zi, ■ ■ ., Zt in Yj over singular points on Y to y,; to get Et(Yj/F) v Vi (BGw 0 r.(i)) for 
a certain contraction r.(Y’) —» T.(i) of the dual graph and then contract the graph T.(i) to get 
the same morphism —> Et(Yj/F). We get the homotopy pushout 

T (0 := Et(Y)/F) v*,...,* (BG F ®T.(i)) 

after the hrst step, where T.(z) is constructed in the same way as T.(z) but without gluing 
together the rays of stars corresponding to singularities of Y in Yj and ending in the node 
corresponding to Yj and where we glue the remaining “open” ends of BGw 0 T.(i) to the 
corresponding points z\.... ,z t in Yj. By Lem. 1.10, Y® and Et(Yj/F) v Vi (BGw 0 f.(z)) 
are weakly equivalent in S j BGp. Further, contracting the graph T.(i) induces an isomor¬ 
phism H 2 (Yj,Q£(l)) —> H 2 (Et(Yj/F) v Vi (BG$ 0T.(i)),Qe(l)): The target is isomorphic to 
H 2 (L-, Q^(l))©H 2 (RG F ®f .(*), Q^(l)), since the co-cartesian square of Et(Yj/F) v Vi ( BGw0T.(i )) 
is even homotopy co-cartesian and F has cohomological dimension 1. For m prime to p we find 
H 2 (RGf 0 f .(*), fi m ) = (F x /(F x ) m )® r for r the number of loops in T(Y) using the Hochschild- 
Serre spectral sequence. Hence, H 2 (RGF®f.(i),Z<(l)) is torsion. Summing up, we get the 
class ^ in H 2 (Y, Q^(l)) as the image of 1 under the map 

Qi = H 2 (T«,Q£(1))--H 2 (Y,Q,(l)) . (4.4) 

Having made all these preparations, we get Thm. 4.1 as a consequence of Prop. 3.10: 

Proof of Thm. 4.1. For each rational component Yj. of Y, choose a closed point Xi of X whose 
specialization lies in the component Yj outside the singular locus of Y and A yj. We claim that 
P generates the same (Q^-subspace in H 2 (3t,<Q^(1)) than the Chern class c\\Ox{Di)\ for Di = D 
the divisor we get as the closure of x% in X: 

By Lem. 4.7, below, H^(3f,Q^(l)) can be computed as continuous cohomology of the BGp- 
space Et(X/o) v g/j_ fl / 0 ) BGw (note that Et(o, a) = BG F since each hypercovering in the etale 
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cite of o can be refined to a hypercovering in the finite etale site). Let Y * be the punctured 
curve Y — sp(xi) and y^* — Et(Y*/F) the analogue construction to with % replaced by the 
punctured component Y t — sp(xj). 5 Then Et(Y /¥) BG p is isomorphic to v^.,» BG p 

by the proof of Thm. 2.4 (iii). Similar to y^\ we get 

:= Et(Ej — sp(xj)/F) v zi ,..., 2t (£G F ®r.(i)) 

after contracting all rational components Yj for j 4 i and Y" in y*^*. Summing up, we get a 
commutative square 

Et(X - D/of -^ Et(X/o)-- Et(X/o) v^ x _ D/o) BG ¥ 

y]i* c -- -- y*n bg ¥ 

37«,*c- y(i) - Vy(0,. BG W 

in 7i(S l BG ¥ ). Observe that Y" and all the rational components Yj for j 4 i we contracted in 
y W resp. factor through y ’, so the lower right vertical morphism is a weak equivalence. 

It follows that the canonical morphism Et(X/o) —* Et(X/o) ^^ x _D/o) BG ¥ f ac t° rs through 

y^ —> y^\ i.e., the (non-trivial) cycle class map H|,(X, Q^(l)) —■» H 2 (X, Qf(l)) factors through 
(4.4), whose image is generated by /?,. 

Now ij*di[Ox(Di)] = c\\Ox{xi)\ lies in the kernel of s* by Prop. 3.10. Thus, the same is true 
for on and Thm. 4.1 follows from 4.3 and 4.2. □ 

4.7 Lemma. Let X be as in Thm. 4.1, prime and D a regular prime-divisor of X. Then 

the continuous cohomology groups H 2 (Et(X/o) v Et(*-D/o) £G F ,CMl)) and H|,(X, Q*(l)) are 
canonically isomorphic. 

Proof. For m prime to p take the (non-canonically given) morphism of exact triangles 
C*(X, X - D, /O-- G*(X, /X m ) - 

can 

C*(Et(X/o) BG ¥ ,p m ) -C"(X, p m ) ® C*(G ¥ , p m ) 

where the upper triangle computes H^,(X, fj, m ) by [Fri82] Cor. 14.5 and Prop. 14.6 and the lower 
triangle is given by the homotopy co-cartesian square 

Et(X - D/o) -- BG ¥ 

Et(X/o)-Et(X/o) vg t ( X _ D /o) BG ^ 

s Note that 4 ^n(Z) f° r Z = Y’ in the proof of Thm. 2.4 (iii): \\ — sp(:Ei) is not projective so it would 
be a component of Z'. 


C*(X-P, Mm ) 

C"(X- A/O 
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in S l BGp. Note that the induced maps B q D (X, p, m ) —> H 9 (Et(X/o) v ^x-D/o) 
are uniquely determined up to canonical isomorphisms. The relevant cohomology groups (i.e. 
H 1 for X, X — D, G*f and H 2 for X, Gp) are all finite by proper base change and [SGA77] 
Th. finitude together with the finiteness for Gjr-cohomology of finite prime-to-p modules, resp. 
for H 1 (X — D,fj, m ) by [SGA77] Cycle Prop. 2.1.4. It follows that the resulting short ex¬ 
act sequences computing H|,(X, /z m ) resp. H 2 (Et(X/o) ^^x-D/o) BGp, p m ) stay exact after 
taking the limit over all m = £ n and compute the respective continuous cohomology groups 
(by [Jan88] (3.1)). Everything stays exact after (—) Qg and the resulting canonical map 

H|,(X, Q^(l)) —» H 2 (Et(X/o) -BGf) Q^l)) is an isomorphism: H 2 (Gf,2^(1)) is triv¬ 

ial and H 1 (Gf,^(1 )) is a quotient of the multiplicative group F x and hence torsion, since 
H 1 (Gp,Ai m ) = F x /(F x ) m . □ 


4.8 Remark. Looking back onto the proof resp. the reductions leading to the proof of Thm. 
4.1, we see that essentially we just proved the factorization 


C m (X, A) 

sp* 

c*(y,A). 


C-(BG k , A) 

(spos)* 

■ G*K(y),A) 


for any (possibly ramified) section s of iri(X/k), where t was the homotopy splitting of the 
canonical morphism Et(E/F) —*• Bni(Y) given by Thm. 2.4 (iii). 

Combining Cor. 3.7 and Lem. 3.8 with the observation in Rem. 4.8 implies: 

4.9 Corollary. Let X/k be a geometrically connected smooth projective curve over a p-adic 
Geld k of genus ^ 2, X/o a regular, proper, Gat model s.t. the reduced special Gbre Y/¥ satisfies 
the assumptions of Thm. 2.4 (iii). Then for any section s of tt\ (X/k) there is a unique homotopy 
rational point sg in [BG&, Educing commutative diagrams 


Gk—^miX) C*(X, A) — C*(G k ,A) C'(X® k k™,K)^~C'(l k ,K) 


sp 


and 


sp* 


resp. 


G F 7r^)(y) C*(y, A) G*(G F , A) 


sp* 

c*(y s ,A) 


A 


in the category of proGnite groups resp. T )+ (Ab) resp. D + f Mod^ r ) for A any continuous Gnite 
^e[Gw]-module. □ 


Application: A canonical lift of cl s . In [EW09] Rem. 3.7 (iii) Esnault and Wittenberg 
raised the question whether the Gadic cycle class cl s of a section s of iii(X/k) admits a canonical 
lift to H 2 (X, Zg(l)). This is predicted by the p-adic section conjecture: If s comes from a rational 
point x, cl s is given by the Chern class of the corresponding divisor D = x and the Chern class 
of its closure is a canonical lift. As an application of Cor. 4.9, we will sketch the construction 
of a canonical lift of cl s to H 2 (X,Z^(l)) for X/o a regular, proper, flat model s.t. the reduced 
special fibre satisfies the assumptions of Thm. 2.4 (iii). First, let us shortly recall the definition 
of the cycle class cl s : 

4.10 Remark. Let X s —> X be the universal neighbourhood of the section s and Ax the 
diagonal in X x k X. Then H 2 (X, p,gn) is isomorphic to H 2 (X x k X Sl p,gn) and cl s corresponds 
to the pullback of ci[Ax] along X x k X s —> X x k X. Since X is a K(n,l), X s —* X is 
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weakly equivalent to s as a homotopy rational point. In particular, we get the pullback map as 
Gfc-hypercohomology of 

id y 0 L s* : C'{X s ,n en )<g> h C'{X s ,Z/£ n ) ->C , (r,/ip)® L C , (£G 4 ,Z/f) ~C\X s ,gLp). 

Let us first provide a lift of the pullback map id^ s*, or more generally, of the analogue 
pullback map idjy ® L s* : C*{U x k X , fj,p) —» C*(U , fip) for an open subscheme U X: 

4.11 Lemma. Let X/k be a geometrically connected smooth projective curve over a p-adic field 
k of genus ^ 2, X/o a regular, proper, flat model s.t. the reduced special fibre Y = (X(x) 0 F) re d/F 
satisfies the assumptions of Thm. 2.4 (iii). Let it X be an open subscheme with generic fibre 
U X. Then for any £ Y p and any section s of iri(X/k), there is a canonical lift id^® L s* of 
idfj (g) L s* to 11 x 0 X: 

id* (X) L s* 

C m (U X k X,fJlp) — - - -C'{U,Pp) 

V* V * 

id*® L s* 

C*(it x D X, Up) --- Up). 

Proof. From aj : C*(X nr , Z/t n ) ~ C'{Y s ,Z /£ n ) C*(EG V , Z/£ n ) in P+ qiod^ .1 as in Cor. 

4.9, we get 

idu® L s* : C*(il nr , Up) ® l C*(X nr , Z/£ n ) -C*(il nr , /ip) ® L C*{EG W , Z/£ n ) ~ C*(fl nr , Up). 

Taking Gp-hypercohomology, we get a canonical pullback map C*(il x 0 X,[ip) —> C*(it, p,p ). 
Consider the commutative diagram 


idfjgrsf 

C*(U x 0 X, up) --- C*(il, up) 

Mr(G F ,c , (t/ nr ,^) ® L c*(x nr ,z/r)) —Mr(Gp, c* (u nr , p,p) ® L c*(i fe ,z/r)) 

RT(G k ,C'(U nr ,tip) ® L C*(X nr , Z/£ n )) --Mr(G fc ,G*(C/ nr ,/2 £ n) ® L C*(I fc ,Z/r)) 

id*® L s* 

C*(U X k X. pip) ---- C*(U, Up) : 

The upper square is induced on Gp-hypercohomology by the P + (Mod G]F )-square in Cor. 4.9 
tensored with p* : C*(U nr , fxp) —* C*(U nr ,fip). The middle square is induced by G k -» Gp 
(use that an object is flat in Mfxiz/^zrr] if and only if it is flat as a Z/G n Z-module). Finally, 
the lower square is induced on G^-hypercohomology by the G^-equivariant coverings U s —> U nT 
resp. EG k —> BG k x bg f EGp ~ Bl k . It follows that the compositions of the left resp. right 
vertical maps are the maps on cohomology induced by the respective immersions of the generic 
fibres. □ 

To get a canonical lift of the Gadic cycle class map cl, s , we combine Gabber’s Absolute Purity 
Theorem (see [Fuj02]) with Lem. 4.11 applied to the open subscheme given by the punctured 
model X* := X\Lsing X. Note that we can not work with the pullback map to X itself, since 
Ax is a Cartier-divisor on X x 0 X if and only if X/o is smooth. 
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4.12 Proposition. Let X/k be a geometrically connected smooth projective curve over a 
p-adic field k of genus ^ 2, I/o a regular, proper, Eat model s.t. the reduced special Ebre 
Y = (X® 0 F) re d/F satisEes the assumptions of Thm. 2.4 (Hi). Then for any i A p and any section 
s of ni(X/k), the induced l-adie cycle class cl s admits a canonical lift elf to H 2 (X, Z^(l)). 

Proof. First, note that X* still has generic fibre X. The diagonal of I x 0 X is Cartier 
outside of the collection of points (y,y) for y a singular point of Y. It follows, that Ax|x*x 0 x 
is a Cartier-divisor on X* x 0 X. By construction, its Chern-class ci[X* x 0 X] is a lift of the 
Chern class ci[Ax] of the diagonal. It follows by Lem. 4.11, that (idy ® L s|)(ci[X* x 0 X]) 
is a canonical lift of cl s = (idjj ® L s*)(ci[Ax]) to H 2 (X*,Z^(l)). But Lsing X is a closed 
immersion of regular schemes of pure codimension 2, so H 2 (X,Z^(l)) —> H 2 (X*,Z£(1)) is an 
isomorphism by Gabber’s Absolute Purity Theorem and we get a canonical lift cl'J of cl s to 
H 2 (X,Z,(1)). □ 
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